An n × n permutative matrix is a matrix in which every row is a permutation of the first row. In this paper the result given by Paparella in [Electron. J. Linear Algebra 31 (2016) 306-312] is extended to a more general lists of real and complex numbers, and a negative answer to a question posed by him is given.
Introduction
The nonnegative inverse eigenvalue problem (NIEP) is the problem of characterizing all posible spectra of entrywise nonnegative matrices. This problem remain unsolved. A complete solution is known only for n ≤ 4. A list Λ = {λ 1 , λ 2 , . . . , λ n } of complex numbers is said to be realizable if Λ is the spectrum of an n × n nonnegative matrix A. In this case A is said to be a realizing matrix. From the Perron-Frobenius theory, we have that if {λ 1 , λ 2 , . . . , λ n } is the spectrum of an n × n nonnegative matrix A then ρ(A) = max 1≤i≤n |λ i | is an eigenvalue of A. This eigenvalue is called the Perron eigenvalue of A and we shall assume, in this paper, that ρ(A) = λ 1 . A matrix A = [a ij ] is said to have constant row sums if all its rows sum up to the same constant, say α, i.e., n j=1 a ij = α, i = 1, . . . , n. The set of all matrices with constant row sums equal to α will be denoted by CS α . It is clear that any matrix in CS α has the eigenvector e = (1, 1, . . . , 1)
T corresponding to the eigenvalue α. We shall denote by e k the n-dimensional vector with one in the kth position and zeros elsewhere. The real matrices with constant row sums are important because it is known that the problem of finding a nonnegative matrix with spectrum Λ = {λ 1 , . . . , λ n } is equivalent to the problem of finding a nonnegative matrix in CS λ 1 with spectrum Λ.
The following definition, given in [5] , is due to Charles Johnson: Definition 1.1 Let x ∈ C n and let P 2 , . . . , P n be n×n permutation matrices. A permutative matrix is any matrix of the form
It is clear that P ∈ CS S , where S is the sum of the entries of the vector x. In [5] , the author prove that a list Λ = {λ 1 , . . . , λ n } of real numbers of Suleimanova type [12] , that is λ 1 > 0 ≥ λ 2 ≥ . . . ≥ λ n , is realizable by a permutative nonnegative matrix. The author in [5] also pose the question: can all relizable lists of real numbers be realized by a permutative nonnegative matrix? The following result was announced by Suleimanova [12] and proved by Perfect [6] . Theorem 1.1 Let Λ = {λ 1 , λ 2 , . . . , λ n } be a list of real numbers with λ i < 0, i = 2, . . . , n. Then Λ is the spectrum of an n × n nonnegative matrix if and
The following two results, which we set here for completeness, have been shown to be very useful, not only to derive sufficient conditions for the realizability of the NIEP, but for constructing a realizing matrix as well. The first result, due to Brauer [1] , shows how to modify one single eigenvalue of a matrix, via a rank-one perturbation, without changing any of its remaining eigenvalues (see [6, 8, 11] and the references therein to see how Brauer result has been applied to NIEP). The second result, due to Rado and introduced by Perfect in [7] is an extension of Brauer result and it shows how to change r eigenvalues of an n × n matrix (r < n), via a perturbation of rank r, without changing any of its remaining n − r eigenvalues (see [7, 9] to see how Rado result has been applied to NIEP). Both results will be employed here to obtain conditions for lists of real and complex numbers to be the spectrum of a permutative nonnegative matrix.
Theorem 1.2 Brauer [1] Let
A be an n×n arbitrary matrix with eigenvalues
T be an eigenvector of A corresponding to the eigenvalue λ k and let q be any n−dimensional vector. Then the matrix
Theorem 1.3 Rado [7] Let A be an n × n arbitrary matrix with spectrum
. . , r, r ≤ n. Let C be an r × n arbitrary matrix. Then A + XC has eigenvalues µ 1 , . . . , µ r , λ r+1 , . . . λ n , where µ 1 , . . . , µ r are eigenvalues of the matrix Ω + CX with Ω = diag{λ 1 , . . . , λ r }.
A simple proof of Theorem 1.1 was given in [8] by applying Brauer result.
The following result in [10] , is a symmetric version of the Rado result, which we shall use to obtain some of the results in this paper: Theorem 1.4 [10] Let A be an n × n real symmetric matrix with spectrum Λ = {λ 1 , λ 2 , . . . , λ n }, and for some r ≤ n, let {x 1 , x 2 , . . . , x r } be an orthonormal set of eigenvectors of A spanning the invariant subspace associated with λ 1 , λ 2 , . . . , λ r . Let X be the n × r matrix with i − th column x i , let Ω = diag{λ 1 , . . . , λ r }, and let C be any r × r symmetric matrix. Then the symmetric matrix A + XCX T has eigenvalues µ 1 , . . . , µ r , λ r+1 , . . . , λ n , where µ 1 , . . . , µ r are eigenvalues of the matrix Ω + C.
In this paper we give very simple and short proofs to show that both, a list of real numbers of Suleimanova type and a list of complex numbers of Suleimanova type, that is, Re λ k ≤ 0, |Re λ k | ≥ |Im λ k | , k = 2, . . . , n, are realizable by a permutative nonnegative matrix. We use theorems 1.3 and 1.4 to obtain sufficient conditions for more general lists to be the spectrum of a permutative nonnegative matrix and the spectrum of a symmetric permutative nonnegative matrix. Our results generate an algorithmic procedure to compute a realizing matrix. The paper is organized as follows: In Section 2 we show that a list of real numbers of Suleimanova type is always the spectrum of a permutative nonnegative matrix, and we give sufficient conditions for the problem to have a solution in the case of more general lists of real numbers. We also explore on the existence and construction of symmetric permutative nonnegative matrices with prescribed spectrum. We show that the question in [5] has a negative answer, that is, there are realizable lists of real numbers which are not the spectrum of a permutative nonnegative matrix. In section 3 we consider the case of realizable lists of complex numbers Λ = {λ 1 , . . . , λ n } of Suleimanova type, with the condition λ n−j+2 = λ j , j = 2, 3, . . . , , and we show that they are also realizable by permutative nonnegative matrices. We also give some examples to illustrate the results.
Permutative matrices with prescribed real spectrum
In this section we give a short simple proof of Theorem 3.3 in [5] , and we prove sufficient conditions for the existence of a (symmetric) permutative nonnegative matrix with prescribed real spectrum. We also give a response to the question in [5] .
Then Λ is the spectrum of an n × n permutative nonnegative matrix if and only if
Proof. The need is clear.
Then we take the list Λ α = {λ 1 − α, λ 2 , . . . , λ n } and consider the initial matrix
T is a permutative nonnegative matrix with spectrum Λ α , and
, is the desired permutative nonnegative matrix with spectrum Λ (of course we may also take A = C + e(q T + r T )).
Now we give sufficient conditions for more general lists of real numbers:
Proof. Since A has constant row sums equal to
Moreover, it is clear that det(λI − A) = 0 for λ = λ i , i = 2, . . . , n.
Theorem 2.2 Let Λ = {λ 1 , λ 2 , . . . , λ n } be a list of real numbers and let a 11 , a 12 , . . . , a 1n be real nonnegative numbers. If
λ k > 0 and
Proof. It is enough to take a 1k = a 11 − λ k , k = 2, 3, . . . , n. Then , where
ii) There exists an r × r permutative nonnegative matrix with spectrum Λ 0 and diagonal entries λ, λ, . . . , λ (r times). Then, there exists a permutative nonnegative matrix P with spectrum Λ.
Proof. From i) let P 1 be a (p + 1) × (p + 1) permutative nonnegative matrix with spectrum Γ 1 and let
From ii) let B be the r × r permutative nonnegative matrix with spectrum Λ 0 and diagonal entries λ, λ, . . . , λ (r times). Let Ω be the r × r diagonal matrix Ω = diag{λ, λ, . . . , λ}. Then for
where X is the r(p+1)×r matrix of eigenvectors of A, it follows that XCX T is a permutative nonnegative matrix, and from Theorem 1.3, with C = CX T , P = A + XCX T is a permutative nonnegative matrix with spectrum Λ. Observe that P is also an r × r block permutative nonnegative matrix. 
Then we look for a permutative nonnegative matrix P 1 with spectrum Γ 1 , and a permutative nonnegative matrix B with spectrum Λ 0 and diagonal entries 4, 4, 4, 4. These matrices are 
Then for C = B − diag{4, 4, 4, 4} we have that 
is a permutative nonnegative matrix with spectrum Λ. Observe that P is also a 4 × 4 block permutative nonnegative matrix with permutative blocks. 
is symmetric permutative nonnegative.
In particular, for n = 3, we have the following pattern of symmetric permutative nonnegative matrices B :
with eigenvalues of the form λ 1 , λ 2 , −λ 2 , and λ 1 , λ 2 , λ 2 .
Conditions for cases ii) and iii) are
However, except for the case iii), C = B −diagB need not to be permutative. Consider the following example: 
is symmetric permutative nonnegative with spectrum Λ.
We finish this section by given a negative answer the question in [5] , that is, we show that there are lists of real numbers which are the spectrum of a nonnegative matrix, but not the spectrum of a permutative nonnegative matrix. Suppose P is a permutative nonnegative matrix with spectrum Λ and first row (a, b, c) . Then a + b + c = 6, P ∈ CS 6 , tr(P ) = 12. We have three cases:
i) The entries of the main diagonal of P are of the form x, x, x. Then x = 4 and the Perfect necessary and sufficient conditions for the existence of a nonnegative matrix with prescibed spectrum Λ and diagonal entries 4, 4, 4 are not satisfied [7, Theorem 4, condition (4) ]. Therefore, there is no permutative nonnegative matrix with spectrum Λ.
ii) The entries of the main diagonal of P are of the form x, x, y. Then 2x + y = 12, and from de Perfect conditions [7, Theorem 4, condition (4)
, which contradicts x + y + z = 6, except for x = 6, y = z = 0. In this last case however, the conditions in [7, Theorem 4] are not satisfied either.
iii) The entries of the main diagonal of P are of the form x, y, z. Then x + y + z = 12 contradicts x + y + z = 6. Thus, Λ cannot be the spectrum of a permutative nonnegative matrix with spectrum Λ.
Observe, however that Λ = {6, 5, 1} is the spectrum of the direct sum of permutative nonnegative matrices After this paper was submitted, R. Loewy [4] showed that a realizable list of real numbers need not to be the spectrum of a permutative nonnegative matrix nor the spectrum of a direct sum of permutative nonnegative matrices.
3 Permutative matrices with precribed complex spectrum
In this section we show that certain lists of complex numbers are realizable by permutative nonnegative matrices. First we recall the result of Loewy and London [3] , which solves the NIEP for n = 3 : 
list of complex numbers. Then Λ is the spectrum of a nonnegative matrix if and only if
The matrices
are permutative with spectrum Γ 1 and Λ 0 , respectively. Moreover B has the required diagonal entries. Then
is permutative nonnegative with spectrum Λ.
Next we recall that an n × n circulant matrix is a matrix of the form
and it is uniquely determined by the entries of its first row, which we denoted by c = (c 0 , c 1 , . . . , c n−1 ) . It is clear that C is also permutative. Let λ = (λ 1 , λ 2 , . . . , λ n ) with
being the eigenvalues of the circulant matrix C = circ (c 0 , c 1 , . . . , c n−1 ) . Then
Let
The following result shows that a list of complex Suleimanova type, with the property (2) , is realizable by a permutative nonnegative matrix.
Theorem 3.2 Let Λ = {λ 1 , λ 2 , . . . , λ n } be a list of complex numbers with λ j ∈ {z ∈ C : Re z ≤ 0, |Re z| ≥ |Im z|}, j = 2, 3, . . . , n, satisfying λ n−j+2 = λ j , j = 2, 3, . . . , 
